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ETS models

General notation _ETS : ExponenTial Smoothing
TN
Error Trend Season

model(ETS(y ~ error( ) + trend( ) + season( )))

Error: Additive (A), Multiplicative (M)
Trend: None (N), Additive (A), Additive damped (Ad).
Seasonality: None (N), Additive (A), Multiplicative (M)



ETS(A,N,N): SES with additive errors

Forecast equation Veshie = Ut
Observation equation Ve = liq+ et
State equation by = by 1 + aey

where ¢; ~ NID(0, o2).

m innovations or single source of error because equations have the
same error process, <.

m Obervation equation: relationship between observations and states.

m State equation(s): evolution of the state(s) through time.



Holt's methods method with additive errors.

Forecast equation Yeshit = ¢ *+ hby
Observation equation Vi = liq+bi_q+e
State equations by = b1+ bi_q + gy
bt = bi_q + Py

m Innovation residuals: &; = y; — i1



ETS(A,A/A)

Holt-Winters additive method with additive errors.

Forecast equation Veshit = bt * hbe + Spop_ k)
Observation equation Ve =l 1+ b1 +S_m+es
State equations by = li_q + be_q + agy

by = by_1 + Bey

St = St—m * V&t

m Innovation residuals: & = y; — Vit
m Ris integer part of (h — 1)/m.



ETS(M,A,M)

Holt-Winters multiplicative method with multiplicative errors.

Forecast equation
Observation equation
State equations

m Innovation residuals: &; = (y; —

m Ris integer part of (h — 1)/m.

Veehit = (6 + hbt)$t+h—m(k+1)
Vi = (le_q + be_1)Se-m(1+ &)
= (le—q + be)(1 + agy)
b; = bi_1+ B(li—1 + by_1)et

St =Sem(1+ ’Vi'?t)

yt|tf1)/yt|tf1



ETS model specification

ETS(y ~ error("A") + trend("N") + season('"N"))

By default, optimal values for «, 3, v, and the states at time 0 are used.

The values for o, 8 and v can be specified:

trend("A", alpha = 0.5, beta = 0.2)

trend("A", alpha_range = c(0.2, 0.8), beta_range = c(0.1, 0.4))
season("M", gamma = 0.04)

season("M", gamma_range = c(0, 0.3))



Exponential smoothing methods

Seasonal Component
Trend N A M
Component (None) (Additive) (Multiplicative)

N (None) (N,N) (N,A) (N,M)
A (Additive) (AN) (AA) (A,M)
Ay (Additive damped) | (Ag,N) (Ag,A) (Ag,M)
(N,N):  Simple exponential smoothing
(A,N):  Holt's linear method
(Ag,N): Additive damped trend method
(AA):  Additive Holt-Winters’ method
(A,M):  Multiplicative Holt-Winters' method
(Ag,M): Damped multiplicative Holt-Winters’ method



Exponential smoothing methods

Seasonal Component

Trend N A M
Component (None) (Additive) (Multiplicative)

N (None) (N,N) (N,A) (N,M)

A (Additive) (AN) (AA) (A,M)

Ay (Additive damped) | (Ag,N) (Ag,A) (Ag,M)

(N,N):
(A,N):
(Ag,N):
(AA):
(A,M):
(Ag,M):

Simple exponential smoothing
Holt's linear method

Additive damped trend method
Additive Holt-Winters’ method
Multiplicative Holt-Winters’ method

There are also
multiplicative trend
methods (not
recommended).

Damped multiplicative Holt-Winters’ method



ETS models

Additive Error

Trend
Component
N (None)
A  (Additive)

Ay (Additive damped)

Multiplicative Error

Trend
Component
N (None)
A  (Additive)

Ay (Additive damped)

Seasonal Component

N A M
(None) (Additive) (Multiplicative)
AN,N ANA AN,M
AAN AAA AAM
AAgN AAgA AA4M
Seasonal Component
N A M
(None) (Additive) (Multiplicative)
M,N,N M,N,A M,N,M
M,AN M,AA M,A,M
M,Aq4,N M,Aq4,A M,Aq4,M



Exponential smoothing models

Additive Error

Trend
Component
N (None)
A  (Additive)

Ay (Additive damped)

Multiplicative Error

Trend
Component
N (None)
A  (Additive)

Ay (Additive damped)

Seasonal Component

N A M
(None) (Additive) (Multiplicative)
AN,N ANA Al
AAN AAA LBM
AAgN AAgA AAM
Seasonal Component
N A M
(None) (Additive) (Multiplicative)
M,N,N M,N,A M,N,M
M,AN M,AA M,A,M
M,Aq4,N M,Aq4,A M,Aq4,M



Additive error models

Trend Seasonal
N A M
N V=0l +& V=l 1 +Spom+ & Yt = 1St + €t
thgt—l +ags €t=€t_1 +ag €t=€t_1+0(€t/5t_m
St =St-mt V€t St =St—m+ye/liq
V=01 +big e V=1 b +s5mter Ve = (-1 +br-1)St-m + &
A gt = Zt_l + bt—l +aey gl‘ = gt—l + bt—l +ags gt = €t_1 + bt—l + ast/st_m
by =bs_1 + ey by =bs_1 + et by =bi_1+per/si-m
St =St-m+ Ve st =St-m+yer/(Cr-1 +bs1)
V=01 +Pbrg + & Yt = L1 + Py + St + €t Ve =1+ Pbi_1)si—m + &
Ad €t = €t_1 + ¢bt—1 +acy €t = gt—l + (Pbt—l +acy €t = gt—l + ¢bt—l +a5t/5t—m

bt = pby1 + et

bt = pby_1 + Bet
St =St-mt VEr

by = bi_1 + Bet/stm
St = St-m + yer/(Cr—1 + Pbi_1)




Multiplicative error models

Trend Seasonal
N A M
N v =0 1(1+¢) Yt = (Cro1 +St-m)(1 +&4) Vi = 15t-m(1 + &)
=01 (1+aey) b=l q +a(li1 +Stm)er b= 1(1+ag)
5t =Stom + Y (Cr-1 +St_m)ét st =St-m(1+yéer)
Yt = (61 +bi1)(1 + &) Vi = (Cr—1 + b1 +5p ) (1 +&p) Yt = (C-1 +bp_1)st-m(1 + &)
A b= (61 +bs1)(1 + agy) O =01 +bp g +a(li1 + b1 +5t_m)er O = (-1 +bi1)(1 +agy)
by = b1 +B(lr-1 +bi_1)es by =b1 +B(lr_1 + b1 +St_m)et by =by1+ (-1 +bs_1)es
5t =Stom + V(€r-1 + b1 +St_m)er st =si-m(l+yer)
V=1 +Pbr1)(1 + &) Yt = (Cr—1 + Pbr1 +5t-m)(1 + &4) Yt = (€—1 + Pbr_1)st—m (1 +€¢)
Aq O =(l—1 + Pby1)(1 + aey) =01+ Qb +a(Ciq + by +stm)er € = (Co1 + Pbr1)(1 + avey)
by = @byy +B(lr-1 + Pbr-1)er by = Pby1 + B(lr—1 + Pbr—1 +St-m)es by = b1+ B(lr-1 + Pbr-1)er

5t = St—m + V(lr—1 + Pbr_1 +St_m)et st = St-m(1 +yer)




Model selection

Akaike’s Information Criterion

AIC = —2log(L) + 2k

where L is the likelihood and k is the number of parameters initial states
estimated in the model.

Corrected AIC
_ 2R(k +1)
AIC. = AIC + T R_1

which is the AIC corrected (for small sample bias).

Bayesian (Schwatz) Information Criterion

BIC = AIC + R[log(T) — 2] = —2log(L) + [n(T)k



AIC and cross-validation




Automatic forecasting

From Hyndman et al. (IJF, 2002):

m Apply each model that is appropriate to the data. Optimize parameters
and initial values using MLE (or some other criterion).

m Select best model using AlCc:

m Produce forecasts using best model.

m Obtain forecast intervals using underlying state space model.

Method performed very well in M3 competition.
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Traditional point forecasts: iterate the equationsfort=T+1,T+2,... . T+h.



Forecasting with ETS models

Traditional point forecasts: iterate the equationsfort=T+1,T+2,... . T+h.

m Not the same as E(y;.n|X;) unless seasonality is additive.

m fable uses E(yu.n|X;).

m Point forecasts for ETS(A%*) are identical to ETS(M,**) if the parameters
are the same.



Example: ETS(A,A,N)

Yra = by + br + 7
Yrar = €r + by
Yre2 = U1 + brag *+ €702
=@T+br+a€n0+(bT+ﬂ€n0+€nz

Yra = r +2br

etc.



Example: ETS(M,A,N)

yra1 = (01 + br)(1+ £7.9)
Yrar = b1 + br.
Y12 = (lra1 + bra)(1 + e142)
= {(ET +br)(1+ aera) + {bT + Blr + bT)5T+1] } (1+e742)
Vragr = {7 + 2br

etc.



Forecasting with ETS models

Prediction intervals: can only be generated using the models.

m The prediction intervals will differ between models with additive and
multiplicative errors.

m Exact formulae for some models.

m More general to simulate future sample paths, conditional on the last
estimate of the states, and to obtain prediction intervals from the
percentiles of these simulated future paths.



Prediction intervals

Pl for most ETS models: yr.5r £ con, where c depends on coverage
probability and oy, is forecast standard deviation.

(AN,N)  op = 02[1+a2(h — 1)]

N

(AAN)  op=0 [1 + (h - ’I){oz2 +aBh + lﬂzh(Zh — 1)}]

N

(AAGN)  ap = 02 |1+ a2(h 1)+ £20 (2a(1 - 9) + B0} — AL (2001 - 62) + Bo(1+ 26 — o)} |

N

(ANA)  op=0 -'I +a?(h — 1)+ vRQ2a + 7)}

(AAR) oy =02 |1+ (h = ){a? + aph + 15?h(2h — )} +7k{2a + 7 + mlk + 1)}
(AAGA) o = o2 1+a (h—1)+1—ﬁ%{2a1— +Bo} — %{2041—# + Bp(1+ 26 — o)}

*h(2a+4) + 4Rt k(1 — ¢m) — 6m(1 — ¢™)} |
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